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ESTIMTION OF THE P(CS) WITH A C(%4UER PROGRAM*

by

Edward J. Dudewicz

I ABSTRACT

j In the area of ranking and selection, recent papers have presented

procedures which attempt to allow experimenters to take at least partial

II
(compared to the least-favorable configuration). The current paper presents

a computer program which allows experimenters to dispense with all of

inequalities, an indifference-zone, and known equa variabilities in their

I assessment of the probability of correct selection. It has addlitional uses

in implementation of recently-proposed sequential aaptive selectioia procedures.

*This research was planned and initiated while Edward J. Dudevicz was aI Visiting Scholar, Department of Mathematics and Statistics, University
of Nebraska, Lincoln. Fdward J. Dudewicz is Professor, Department of

Statistics, The Ohio State University, Columbus, Ohio 43210, U.S.A.
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ESTIMATION OF THE P(CS) WITH A COMPUTER PROGRAM

by

Edward J. Dudewicz

I. INTRODUCTION

When an experimenter uses the indifference-zone ranking-and-selection

procedures pioneered by Bechhofer (1954) and recently explicated by Gibbons,

Olkin, and Sobel (1977), he sets his sample size(si to guarantee a P(CS)

(probability of correct selection) at least P* whenever a minimal separation

I (of the beat population from the other populations) of ,tt least 0* exists;

a separation of 6* is then least-favorable. The actual separation is likely

to be more favorable than least-favorable (and the P(CS) thus -> P*1, and

experimenters would like to take advantage of this favorableness after the

I experiment hab been run. Previous approaches to this problem by Olkin,

i Sobel, and Tong (1976) and Anderson, Bishop, and Dudewicz (1977) all involved

inequalities. In this paper we give a computer program which allows assess-

iment of the P(CS) without use of inequalities, is simple and easily implemented

on even small computers, and does not use an indifference-zone. It is also

directly useful when (as is often the case) the samples are drawn before the

statistician is consulted, and he must evaluate their adequacy. It has

additional uses in implementation of recently proposed sequential adaptive

selection procedures of Tong (1978).
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While our approach is oriented towards the practitioner and computer
r software providerjAn this paper, it should be noted that the area is also -'7*
i I one of recent intensive theoretical investigation by Olkin, Sobel, and Tong I

I (1979), Bofinger (1980), and _ rin (1980 a, b).2

Note that Olkin, Sobel, and Tong (1979) con sider only the case of a

I known. Work of Bofinger (1980) contradicts their result on asymptotic -

normality of their P(CS) estimator. Faltia (1980a) shows this estimator

i is biased on th2 high side when k = 2, while Faltin (1980b) gives an I

Ialternate quantile unbiased estimator (also for the case k =2). By !U
contrast, our estimator allows for unknown and heteroscedastic variances and

does not require either bounds or tables: the experimenter makes one -

inexpensive run of a simple computer program (presented in full detail with jI
numerical examples below).

I
I

I
I
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2. TE P(CS) FJNC'ION

If the experimenter has obtained a random sample of size nj from

population ni which yields normally distributed observations with

unknown mean pi and variance 1 2 , < i < k, and wishes to evaluate the

adequacy of these sample sizes when the means procedure ("select the

I population yielding the largest sample mean as having the largest

population mean") is used (and all nl+...+ nk observations are independent ,

he will need to assess the function

I k (k) "(i) tl['fiJ

where: ] < " <[] denote p,,"" k in numerical order; 0 (i)' n(i: i

are the standard deviation and sample size of the population with true mean

I[ i]; , 'P are the standard normal distribution function and density function.

Note that, with error E (0 < E < .005 since 0 (2.81) = .9975),

Ir 2.81 r k-l 11(k] -4(iJ V I(~
P(CS) ( . z + (z)dz.1 -. 61 il "C(i) n(k)-2.81 1. W() " (1) n 1

Once the p[iJ' a(,) are estimated from the samples, this can be estimated I
j simply by Monte Carlo methods on even small computers, with ease compared to

gquadrature methods, and with accuracy compared to methods involving inequalities.

A computer program is given in Section 3, with an example in Section 4.

I
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3. COMPUTER PROGRAMI
The following computer program reads K (thc number of populations and

S T
, S ,(l) (the sample mean, sample standard deviation, and samole

Isize of population i), 1 < I < K, from data cards and then uses ';0,000

M1onte Carlo trials to estimate P(CS; with a standard error not exceeding

.005/2, so that (with 954 confidence, also taking account of the truncation

error IE) we estimu~e the P(CS) integral within .01. A numerical example

is given in section 4.

I I
I
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C THE FOLLOWINGCOPTRRCAN
C 1. READS K fTHE N4UMBER OF POPULATIONS) FROM A DATA CARD;,
C 2. REAlU8 X(IU),S(I),N(I) (TME SAMPLE M'EAN, STANDARD DEVIATION
C A11) SIZE OF POPULATION 1), l1<(K, FROM K DttTA CARIDS;
C 3. USES 40,0110 moNTE ivtlo TRIALS mO EsTIMATE THE P(CS) WITH
C A TV1ADERIOR NOT EXCEEDING .005/2, so THAT (WITH 95
C P-:-,CMNT CONFID1ENCE, Alsi)0 TA-IKING ACCOUNT OF THIE
C TkiUfflCATION01 ERROR) WE khSTIMATE TIE P(C;S) INTEGRAL WITHlIN

INTEGER R,.;t " F 1)
DIMENSION All Z'0) 43(50) ,N(50) ,R(5q)

C
C PERSONS W17111 K 543 SHOULD llC~tWSE ALL FOUR DIMENS IONS ABOVE
C T3 THAT NUMER BEFPIORE RUNN IM; THIS PROGRAM. TanY -QiiouLD
C ALSO INCREAS3E THiE DIMEflNSIONS OF YM(.) ANID S(.) IN SUB-
C RoAJTINE VSORT.
C

READU-.20) K
20 FO1ILT( 110)

DO 30 1 =l,K
IlEAF15,21)XI(),SI)N(I

21 FORLDITF0. 0, F0. 0,110)
30 CONTINUE

C
C WE NOW FI ND I NTEGERS R( 1),..R(K) SUCH THAT
C Mfl((1)<=XM(R(2))(= ... =XM(R(K)) BY AVII'UAL SHELL SORT.
C

CALL VSORT Xrl, R, K)
C

8E~lD=96702 I
1=0
JCNT-0

C
C WE NOW ENTER THE fMONTE CARLO LOOP.
C

31 CONTINUE
IF(1.GE.40000()GO TO 34
CALL LURN2O(SEED, %INX, 1)
CALL UIJI201 SEED, RANY. 1)

TIX RANX-0. 5):r2.. 0:.12. 81
RANiY~l1ANY*;( .O/SQRT(2.0*3. 14159))

C
IfOD= 1.0
! aZ K- I
DO 32 L=I,CK
IT ILI= XM(R(10 ) -XlWl R(CL))

ANi = LOIAT( IV !l(i.) ))
T~u=TERN 'Nw.JXTr(IIN)

CH=FLOAT( Ni t( L) )
ON =FLOAT(N *~ R( K)))
EN =Cr4/Dr1
FACT =AiKA i
FMI'T= FACT*RAIX+ThIUIM
TEIlM-DCDFN( FACT)



PROD a PROD*TERf
32 coxHTiNuE

Fri= PRODSQRtT(2. 03) 14159)

ir(F11.LE.R-NNqY)G0 TO 33
.!rNT=JCNT+ I

33 CiITiLIUE
1=1+1
Vi TO 3 1

C
C WE HAVE DOWE 1-9000 MONTE CARLO TRIALS, JCI T OF WHICHI YIELDED
C A VALUE OF 19E Ii(TEGIW4D A.ZIOVE ILANY. WE 110W CALCULATE AND
C REPORf THlE ?( C) ESriPATE AND) ITS STANiDARD) DEVIATION.
C

34 #rONTINUE
j'tS~T:JCN/4000. .O12.e( I.0/i3QRT(2.0*3. 14159))

~'rE~(;c~,4'?. :s1 .9-(JCNT/40000.)
ThR.3 0(~lfT( S'i'DEIR) /200.

Sr.UER=STDEIIWz.6l*2.*( 1.0/SCIRT( 2.0*93. 14159))
C

41 V")AIirL hipi

42 FOR;:'AT( 1I10,6X,34HTHE PROBABILITY OF CORtrxCT SELECTION IN A PROBLEP

43 i'OIIN( III0,6X,5H K-- 12, 1211 POPULJITIONS)
DO "no Iml,K

44 Y.O!UAT( I HO.6X. 13H POPULAT ION , 12, 1011 HAS MEAN , F10. 4,
11 .If, STm. DEV. ,F10.4,1911, AND SAIV1LE SIZE .14)

35 conNTIuE
itTE'(6 ,45)ICEt

45 FOiv!AT( 1Io,6.6X,1111S ?CS) ,F6.4,34H BASEII) ON 40000 MONTE CARLO T
11ilKLS)

wut~.6,6)STWA{
46 t.OBWAT( 1110, 6X, 2JULAD HAS STANDARD ERROR = F6.4)

WIR1TE 6,47)

EN D



0001 SUBROUTI E VSORT(X l,R,K)
0002 .1C1EGER R, S, SAV20003 -cm:.,..{ I~ , 1) ,F( 1), Yf(50) ,S(30)

000, 50 10 I=1,K
0005 YPI( I) .*-X( I)
OOG 1) = I
0007 10 CONT 14'IUE

0001, !!= K
0009 1 T? .I/2
001 IF(rI.EQ.O)GO TO 5
0011 J=t
0012 2 !=.I
001 4 CYH.:I).LE.YN(I+1)) GO TO 3
0014 ;4AV!=YTi( I)
0013 1',,J- .,)
001f, "11( 9)YM1 [+')
0017 U1 1=S( 1+11)
00 11 B rl ,, -A
0019 [Y It) "SAVE0020 !-'1 I-'
0021 F.t I.GE. 1) GO TO 4
00" 3 15fj+1
0"'F(.J.G.K-N) GO TO 1

O2,i S c;Oi'IVI UE00">,€ , G 'INf ) "!I= ,

00-7 1( ) :S( I)

o0'l a11 :.,N'IIUE
0020 119

7



C FUNCTION DCDFN( X) COO1 (0:;0

C 0('011~~
C A SUWIOUTINE TO CAL4.ULATE PROBABILITIES FOR STANDARD NORMAL RANDOM 0 11' I~t l'"
C VARIABLES. (4;0 1 P '.

C P UR C 0-C (0 1 1 ".,
C GW:A~~THE PIMW3AtLIT THAT Z IS LE:'33 TrhU OR EQUAL 71) X, (.'011 Z;0
C Wi1I]R' Z IS A STAIDiRL) N0)1011i.L RANDOMI VARIABLE k. (!0.11

c i
C USAGE0!

C DESCAI PT ION OF PAILI'ETEM9 coo011 1'
C I-,--I THE OA O C HEPOBBIIT 71T I ES ( u CIf'
C TH1AN Oft EQlUAL ru)0 X SiIL C(01

C Rj&fLN*a",r '.;o I~
c THIS IS A D0tJ1t.E PR~ECISION FUNCTION 01) CAN ACCOMMODATE A DOUB3LE IX'00!
C PI'.E21S10N AXi1JJUE1T ~(
C NAI(' r:
C SUB!'%f)U'll(ES:- AND FUNCTIONI SUBP11OGRAM-7 REQUIRED ('00 1

C NON( ;,

C PMT!,) 4-0f
C F', . THE &L'LT1~ 1011 A1.1.1 ITS ACCURACY, SEE REFFRENCE 2. FOR 0,0 11
c S 9'D AMN) c' 1PFAMIS ' 'i'rra OTHER MX~fUTHMk; (w1rH REGARD) TO S:?EED 0001 I
C Ai) Af7(2!IIACY" , S E'~~?C 00 1eo
C 1. WJ IZ'. ANJ MM3L,1T. f~n;nrNEflToN 0011311-0
C AND~ T1-STq', TcrK'AEh vOLUI:G Il1(:CIAND) , 0 TM91"IA 1r"OMv', 000l i1300
C ofAT1i:'' Oi" fr.L4rwc. TIW 011io STATE UNI IERSI'IY, COLUNIJUS, (00 011!( ?1)

C 2. H'IT)W, f C. A114I)'~1I ~ ~ :C11"'UThfl EVAI.UATION OF TIN!" GOO I t 17
C N1M1'DUiL16) 1~ NV~l.'AE rNOa'f, DI~.1U1NFUNCTIONS, "N' Io -:'
C hirOftTtC VOL. 11(1969) , PP. 017-022.(01.V
C 0f(' I1 0.<iC

C k. ('c !.
1)(03P'y1. PRE-11S ION FUN(CT!0I DCDFN(X) ( 011 14Zo

U'L-ALI, A.C.P.X.Y.Z.8GNY (00 1 14.1 0

DATA 13/41)1 .9iO .:j:1225~,. W,.19/(1 14.0

*-4.~~~~~~ 50 I ~1l! !'-':. 1-0 941-
*--1. 25 le' I fJ 04-'. -~ "~ 67 HM-04. . 21."1M I0 I'W-07. (100 1 IF. 3A2J
X*' 1 3U2:'.725IJ*,D-I~".3'',II3l')6ivii-t4l. -. 2 40 OO. WI1)-0',. 0(0c1 11.0

*3 35 C2I!79-02, -- :...'~'4EI*q,-I 67~.~~~t3 000 1 15"f
* 7c31( 5I-J2 .74 UM~I-02 , -6. 57i%.T4,0(0 1 15 ru1

-. 02'! 1 293 D0 6 ~11Y0?2-4.-. (7;*P)i 0,( 001 CI

*1. .4" 03-A-0I ,5.6832)-'006D-O2,;;.742oals'819D-02, (A00 1 C 00)

Best Available Copy



* 1I. I t33 0 19 3lID -O , 2.t, '2 12 6,3 " 7 8 12 1D -- 4 ,2 . 7 4 V lfl13 0 : D - 07 , C O O !1 6 t

*. - I. 546C,91i297a1-~ t ! -2. 21806 5 13893-0 1 , -6. 5:- ;7051701-02, (00 1 t162c1
*--8. tKP0 ,30978PD-, .. -A.7637 I6 .--- 0., -7.61 :;- 04- 2 ItP-0Oa, (GO 1 6?'.0:;:3.!5 30' < 0D 0 , 2.•;197 )O. !(. !,9::D t. - . 0 3 6 A' 2.,7'D-'0 .

64 01 G . 0

. 'Z3 I 67 "9 .3)-- ,t 4 19 . )- O 1 , 4 , 9 9 9 , 5tP ) -- 1 , 00 1 1 ,6, (

' . 10,7 
(,( ' C I I '.6<

2 ;;;Y:-1.DO ('('1 '78')Y -Y 

1, 1 t 7. *.C,

3 ,q)  4 1, I 6 

,0 ; IG I '

iW"( Y-A( I) ).Ii, 3,4 W0(I G'()0
4, C,.OO. 

I IU .,0 77 (s

T';,) T{, 7 ct) I !';'(' 05 !."' - f )( 

,00 1 1. o0

Z= C 1. ) 

(.,O 01 M :3

6'. 0 ..-. 10 000 11.:.O
6 ' Y- E 1,.1) 000 1 1.
7 )U; " i'l: . S N DOCCY.Z ( ' I I'-01 .)."if~i:5./090 

1 1!t."

EiSD 0Availbl O
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PIIS ?AGE IS b~i-5 JJ.'

us INMC URITY29.115( (.9
STH 14,12,12(13)1 CI
ST 13, .AVE+4*
LR IIIa COPY ADMII OF CALLING SAVE ITM DEC I1I
LA 13,SAVE AR1DR OF SAVE IN REGIS
ST 1318(11) STORX ADDR Or SAVE IN CALLINGC PaOC SAVE 06('&1 4)6 0

*LII 2,4,0(1) R~p"C(2)=AbDR(I)O REG(3)uADDR(D
L 11,0(4) VALUE OF !(BATCH IN DEC1I1

L 9.=X*4O000 E-XrF0KYr FOR FLOATING POINT COIVEMION o"Ci:Y
LOOP L 7,()VALUE OF IX IN RECG0t7'

II *. J!T IX.suQ1JT, JlEG7aJIEN iAD 2**32 OC)O') i-.C
SLOL i, I fU IW QIYT X~)f 2ss8 1 N NW 0!EGEN;t~
SilL 7, 1 P'JTS ft&Pf MDb 2$*31 1.4 KEG?0s.!ft
All 6.7 REG6 x lIEU ?PD 2*: *Zl (OC""C 1701.

* REM MD) 2**31 + QUO? MOD 2**3 I C*O~x"' )71
C ".=F0'CIEC IOR OVERFLOW CCC," 721

Bi3NL UP I BRANCH TO UPI IF SUN is NOT MEG
StL 45.1 Dl VID. IICG6 BY 2:9;31 ( ft~ 7(.
SRL 6, 1 RIH4 MOD 2irw31 IN R=6 t7
A 6,=F' 1. ADD UJ) WYROK{) DIVIGION 'TO VIYX TOD17'

OBTAIN lIEf "M 2**31-1 IN RVG6 (~(f 4-7UPI ST i, 0(2) qrQRF VALUE OF IX FOR NXT~ R M W OS (X1.'i(
LPR 6,6 AJSOL VALUE OF IX IN JIE6
L 5,=X'4E06O0ff' EXPOR"lT IN BIEGS (16:r:94)v
STH ~3. 6.DO.UB3LE STORL 'FT FT NOS6 I N REC$ 3 86
L9) 2, 1NWL O1. JAD FLT PT II=C WITH FL? FT NOS
A!9 2,=09'0.0' JO0RHALI'Z BY ADDING 0.
DD) 2, PA:)DL DIVID'E BY 2**31-1
SM 2, 0' 14), 3) -R'WIE i~iMIALLIZED FLT PT NOS IN X( INDVD0'L(
LA 10,4( 10) filCREIANT INlDEX O~((Zt
BCT I J. LOOP BorrmorO LO)OP 'C'ZYL 13,. -Z V& + 4 RSTORE REGISTEM (W(( 2
LNl 14, 12.12 3)
Bf'R (5. t4 Rt.TURWq TO CALLII PBOGRAIIOK

I LT DC F'202781286~8' MULTIPLIER FOR UBN20
DOUBhLE DS oce) ~J'IODUL D(; X'4137FFFFFFFO000' OC '
SAVE DS 1SF c~~

END 0OC~

=F' 0'
=X'400)000001

=X'4E000006'
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4. EAMPLE AND COMPARISON

As an example, when we have k = 8 populations with means all 0.0 except _

i for one which is 2.34, with standard deviations all 9.0, and sample sizes

all 81, we know (from the tables of Bechhofer (1954)) that the true

P(CS) = .80. Our computer program yields the output

THE PROBABILITY OF CORRECT SELECTION IN A PROBLEM WITH

K- 8 POPULATIONS

POPULATION 1 fLAB M2AN 2.3400, STD. DEV. 9.0900, AND SAMPLE SIZE 81

POPULATION 2 I'S MEKAN 0.0 STU. DEV. 9.OtO0, AND SAMPLE SIZE a1

POPULATION U HAS I4EVN 0.0 STD. DEV. 9.O6O0, ANLD SAIMPLE SIZE 81

POPULATIO[ 4 HAS MEA., 0.0 ST. DEV. 9.0000, AND S9ANPLE C IZE 31

POPULATION U HI/ IMEAN 0.0 STD. DEV. 9.0000, AND SA IlLE SIZE 1-

POPULATION 6 li1tS 1UhCAN 0.0 81-D. DEV. 9.0000, AND SAWPLE SIZE 31

POPULATION 7 IAS MEAN 0.0 S1T). DEV. 9.0000, AND SAMPLE, S IZL 61

POPULATION a HAS HEAN 0.0 STD. D1".V. 9.0000. AND SAPLE SIZE 81

IS P(CS) = 0.8,iO BASED ON 40000 MONTE CARLO TRIALS
MI

AND 11AS STANDAD IlAUOlt = 0.0034

II
which agrees with the theoretical value, thus furnishing a check on the computer

I program.

II
I 11 1
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